Abstract. Given a Hermitian manifold (M n , g), the Gauduchon connections are the one parameter family of Hermitian connections joining the Chern connection and the Bismut connection. We will call ∇ s = (1 − We also show that, when n = 2, g is always Kähler unless s = 2. Note that non-Kähler compact Bismut flat surfaces are exactly those isosceles Hopf surfaces by [10] .
1. Introduction S.T. Yau ([13] ) asked an interesting question on Hermitian geometry. Question 1.1 (Problem 87 in [13] ). If the holonomy group of a compact Hermitian manifold can be reduced to a proper subgroup of U (n), can we say something nontrivial about the manifold? The problem is that the connection need not to be Riemannian.
Recall that on a Hermitian manifold (M n , g), there are a lot of Hermitian connections, namely, linear connections ∇ satisfying ∇g = 0 and ∇J = 0, where J is the almost complex structure of the complex manifold M
n .
An important special case of Question 1.1 is when the Hermitian connection under consideration is flat, hence its holonomy group is discrete. The question states: Question 1.2. Classify compact Hermitian manifolds which admit flat Hermitian connections.
One of the main difficulties in answering Question 1.2 is that the linear space of Hermitian connections on a general Hermitian manifold is of infinite dimension. Note that there are three Hermitian connections relatively well studied in the literature: the Chern connection ∇ c , the Bismut connection ∇ b (introduced in [1] and [12] ), and ∇ lv which is the projection onto the holomorphic tangent bundle of the Riemannian (Levi-Civita) connection of g. The latter was also called the associated connection ( [6] ), Levi-Civita connection ( [7] , [8] ), or the first canonical connection, etc. It is well-known that these three connections form a straight line in the space of all Hermitian connections, namely, ∇ lv is the arithmetic average of the other two. In the rest of this paper, we will fix the following notation which is partly motivated by the work of Gauduchon [5] :
Definition (Gauduchon connections). The s-Gauduchon connection of (M n , g) is defined to be the Hermitian connection When s = 0, the question is well understood and well-known. In 1958, Boothby ([2] ) proved that compact Hermitian manifolds with flat Chern connection are exactly the quotients of complex Lie groups, equipped with left invariant Hermitian metrics. An important subset of this is the complex parallelizable manifolds, which are classified by H.-C. Wang [9] .
For s = 2, the recent work [10] of Q. Wang and the authors classified all (including noncompact ones) Bismut flat manifolds. Those compact Bismut flat manifolds are exactly the (finite undercover of) compact local Samulson spaces. In more details, given any compact Bismut flat manifold M n , its universal cover is a Samelson space, namely, G × R k equipped with a biinvariant metric and a left invariant complex structure. Here G is a simply-connected compact semisimple Lie group, and 0 ≤ k ≤ 2n. In particular, compact non-Kähler Bismut flat surfaces are exactly those isosceles Hopf surfaces, and in dimension three, their universal cover is either a central Calabi-Eckmann threefold S 3 × S 3 , or (C 2 \ {0}) × C. The readers are referred to [10] for more details.
For s = 1, Ganchev and Kassabov [6] proved an interesting local characterization theorem for Hermitian manifolds with flat ∇ 1 , which they called the associated connection. More precisely, they showed that for any n ≥ 2, if a Hermitian manifold (M n , g) has flat ∇ 1 and is conformal to a Kähler metricg = e 2u g, theng has constant holomorphic sectional curvature. Conversely, given any Kähler metricg with constant holomorphic sectional curvature, there always exists g conformalg such that g has flat ∇ 1 .
To sum up, we propose the following version of Question 1.2: Conjecture 1.3. If s = 0, 2, then any compact Hermitian manifold (M n , g) which admits a flat s-Gauduchon connection must be Kähler, thus being a finite undercover of a flat complex torus.
The main purpose of this article is to confirm the above conjecture in the n = 2 case, namely, we have the following
) be a compact Hermitian surface with a flat s-Gauduchon connection
So M 2 is either a flat complex torus or a flat hyperelliptic surface. Note that for s = 0, the Chern flat case, g is still Kähler since n = 2, while when s = 2, M 2 can be non-Kähler. Such surfaces are exactly those isosceles Hopf surfaces ( [10] ). For n ≥ 3, we are able to prove the following:
In other words, if (M n , g) is compact, s-Gauduchon flat with s = 0, and is non-Kähler, then s must lie in the interval (4 − 2 √ 3, 4 + 2 √ 3). Note however that this interval contains the interesting cases s = 2 (Bismut), s = 1, and s = 2 3 (see below). If we take the dimension into account, then the two constants 4±2 √ 3 can be slightly improved. For n ≥ 3, let us denote by
Then we have a When the metric g is locally conformally Kähler, its torsion tensor takes a simple form, so the above type consideration leads to the conclusion that g will be Kähler for all values of s except possibly when s = b
) be a compact Hermitian manifold with a flat s-Gauduchon connection ∇ s . Assume n ≥ 3 and g is locally conformal Kähler. If s = b ± n , then g is Kähler.
The main idea of proving Theorem 1.4 is: when n = 2, the torsion 1-form η contains all the information about the torsion tensor. So the above type of consideration in Theorem 1.7 can be pushed further to lead to the Kählerness of g for all s values (other than 0 and 2) except one value: s = Note that in all dimensions, the connection ∇ 2 3 distinguishes itself with the property that it has the smallest total torsion amongst all Gauduchon connections. For that reason, we will also call the Let us remark that a noncompact version of Conjecture 1.3 is much more subtle. If we focus on the Chern flat case (s = 0), there are example of noncompact Hermitian surfaces (incomplete ones in [2] and complete ones in [10] ) without parallel Chern torsion, hence they do not come from quotients of complex Lie groups with left invariant metrics. On the other hand, noncompact (not necessarily complete) Bismut flat (s = 2) Hermitian manifolds have been classified in [10] . It is an interesting question if such a difference also exists for noncompact s-Gauduchon flat Hermitian manifolds when s is other than 0 and 2.
The paper is organized as follows. In §2, we collect some known results and fix the notations. In §3, we give proofs to Theorem 1.5 through Proposition 1.8. In §4, we prove Theorem 1.4.
Preliminaries
We begin with a Hermitian manifold (M n , g). We will follow the notations of [11] for the most part. Denote by ∇, ∇ c the Riemannian (aka Levi-Civita) and the Chern connection, respectively. Denote by R, R c the curvature tensors of these two connections, and by T c the torsion tensor of ∇ c . Under a local unitary frame {e 1 , . . . , e n } of type (1, 0) tangent vectors, T c has components
c (e i , e j ) = 0.
Note the coefficient 2 above, which is unconventional but makes some of the subsequent formula simpler. We will write e = t (e 1 , . . . , e n ) as a column vector. Write ϕ = t (ϕ 1 , . . . , ϕ n ) the column vector of local (1, 0)-forms that are dual to e. As in [11] , let us write ∇ c e = θe, ∇e = θ 1 e + θ 2 e, so θ and Θ = dθ − θ ∧ θ are the matrices of connection and curvature of ∇ c under the unitary frame e, whileθ andΘ = dθ −θ ∧θ are the matrices of connection and curvature of ∇ under the frame {e, e}, withθ
The structure equations are:
where τ is the column vector of the torsion 2-forms under the local frame e, and
The entries of τ are (2, 0) forms, and the entries of Θ are all (1, 1) forms. Taking exterior differentiation of the above equations, we get the two Bianchi identities:
From [11] , we know that when e is unitary, we have the following simple formula
We will also denote by η = tr(γ ′ ) the torsion 1-form, aka Gauduchon 1-form ( [4] ), so we have
where ω = √ −1 t ϕ ∧ ϕ is the Kähler (1, 1)-form. From the last equation above, we get
By Lemma 2 of [10] , we know that the matrix of connection for ∇ b under e is given by θ + 2γ, therefore we obtain the following: Lemma 2.1. Given a Hermitian manifold (M n , g), the matrix of connection forms for the s-Gauduchon connection under the frame e is given by
Next let us recall the conformal change formula. Letg = e 2u g be a metric conformal to g, where u is a smooth real valued function. Locally we can takeφ = e u ϕ andẽ = e −u e, soẽ is a local unitary frame for (M n ,g), withφ its dual coframe.
Letθ, Θ, andτ be respectively the matrices or column vector of the Chern connection, curvature, and torsion for the metricg under the unitary frameẽ. From §5 of [11] , we have the following:θ = θ + (∂u − ∂u)I, Θ = Θ − 2∂∂uI, andτ = e u (τ + 2 ∂u ∧ ϕ).
This leads to the following
Next, recall that η i = k T k ki , and let us denote by
Both are independent of the choice of unitary frames thus are well defined global functions on the manifold M n .
Ifg is Kähler, namely, ifτ = 0, then we have
) is a Hermitian manifold that is locally conformally Kähler, then it holds
Proof. From the identity right above the statement of the lemma, we know that T k ij = 0 when k / ∈ {i, j}, and
n−1 |η| 2 , and the lemma is proved.
The s-Gauduchon flat manifolds
Throughout this section, we will assume that (M n , g) is a Hermitian manifold with flat sGauduchon connection ∇ s , where s = 0. For any p ∈ M , there always exists a unitary frame e in a neighborhood of p such that is e is ∇ s -parallel. That is, θ s = 0. Note that such a frame is unique up to changes by constant valued unitary matrices. Let us fix such a local frame e. Specializing the structure equations and Bianchi identities with our condition θ = −sγ, and using the fact that (18) [
Lemma 3.1. Suppose a Hermitian manifold (M n , g) is s-Gauduchon flat, where s = 0. Let e be a local ∇ s -parallel unitary frame, then the torsion components satisfy By the first two equations in the above lemma, we get Lemma 3.2. Let (M n , g) be a Hermitian manifold that is s-Gauduchon flat, where s = 1 and n ≥ 3. Then for any indices i, j, k, ℓ, it holds
This identity shows that the case of the Bismut connection (s = 2) is special as the right hand side would vanish when s = 2. Next, recall that η i = k T k ki , and let us denote by
In the last equation of Lemma 3.1, choose i = k and j = ℓ and sum them up from 1 to n, we get
Since the right hand side is a real number, we see that χ must be real, so we get Lemma 3.3. Under a local unitary ∇ s -parallel frame e, the quantity χ = n i=1 η i,i satisfies the identity
Now we are ready to prove Proposition 1.8. For s = Since n √ −1 n i,j=1 a ij ϕ i ∧ ϕ j ∧ ω n−1 = n i=1 a ii ω n , we obtain the following (24) n √ −1 ∂η ∧ ω n−1 = −(χ + s|η| 2 ) ω n .
Combining this with Lemma 3.3, we get Since the two roots of 8s − s 2 − 4 are 4 ± 2 √ 3, when either s ≥ 4 + 2 √ 3, or s ≤ 4 − 2 √ 3 and s = 0, the left hand side is nonpositive, which will force T to be identically zero, meaning that g is Kähler. So we have proved Theorem 1.5.
Theorem 1.5 means that when M
n is compact, we may assume that 4 − 2 √ 3 < s < 4 + 2 √ 3, or approximately, 0.54 < s < 7.46 Next, note that η i = k T k ki is the sum of at most (n − 1) terms, since T i ii = 0. By the inequality |a 1 + · · · + a n−1 | 2 ≤ (n − 1)(|a 1 | 2 + · · · + |a n−1 | 2 ), we know that |η| 2 ≤ (n − 1)|T | 2 .
